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The exact democratic structure for the quark mass matrix, resulting from the action of the family 
symmetry group A-j,l x A-j,r, is broken by the vaccum expectation values of heavy singlet fields 
appearing in non renormalizable dimension 6 operators. Within this specific context of breaking of 
the family symmetry we formulate a very simple ansatz which leads to correct quark masses and 
mixings. 
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Introduction 

One of the outstanding problems in particle physics is the problem of the fermion masses and mixings. In the 
• standard model (SM), which, most likely, is an effective theory at low energy, these physical quantities are computed 
^sj [ from the Yukawa couplings. With regard to the quarks, one can have, in principle, for the 3 families of the up and 
^ down sector, 18 complex Yukawa couplings. This gives us a total of 36 parameters from which one has to extract the 
1^ 10 physical quantities: 6 quark masses, 3 mixing angles and a CP violating complex phase. 

To reduce this large amount of parameters, or even to find possible relations between the quark masses and mixings 
[01, one is lead to seek, e.g., for new symmetries which act among the family structure Another approach is to 
postulate, ab initio, ansatze for the Yukawa couplings which lead to phenomenological viable patterns |^ Q ||] 
' The hope is to find some hint about a symmetry principle behind the mechanism of fermion mass generation. In the 
. literature, there are, grosso modo, two classes of ansatze. Those which are formulated in a "heavy" weak basis |^ [Q, 
' where one of the Yukawa couplings of each sector is much larger then the other, and ansatze which are formulated in 
the "democratic" weak basis |^ and where all Yukawa couplings of each sector are almost equal to each other. 
^NJ In this paper, we present a very simple but phenomenological correct pattern within the democratic weak basis. In 

. our approach, the exact democratic structure is generated through the action of the family symmetry group A^l x ^3^, 
where A^ C 6*3 is the subgroup of even permutations. This group is then broken by the vacuum expectation values 
(v.e.v.) of heavy singlet fields appearing only in non renormalizable dimension 6 operators. The idea is, therefore, 
that the exact democratic structure is broken by contributions from higher order operators arrizing in the scenario 
^p-i, (which will not be discussed here) of some unified theory at a large scale M = Mgut — ^Ipi (s) . Within this specific 
O 1' context of breaking of the A^l x A^r family symmetry we formulate a very simple ansatz which leads to correct quark 
O , masses and mixings. 

General framework 

As known, the discrete family symmetry A^l x A^r generates (and not necessarily S^l x Sy,R as one often finds) 
the democratic mass matrix: 



X 



A = 



1 1 1 
1 1 1 
1 1 1 



(1) 



Our model consists of the usual SU{2)l x U{1)y SM Higgs doublet cf>, the left-handed quark doublets Li and right- 
handed singlets Ri (which here represent either the right handed up quarks uj^. or the right handed down quarks 
dj^-). Both Li and Ri transform trivially with respect to the A^ family symmetry, i.e., the family indices transform 
as 

(1) = e ; (123) = a ; (132) = b (2) 
A^ is isomorf to Z^. This can be easily checked from its multiplication table: = b and a b = e, which leads to 



a' 



b^ = e (and also b^ = a). Then, the lowest dimension mass term in the Lagrangean which is invariant under this 
independent interchange of the left and right-handed fields is 

A (17 + I^-t-I^) <^ (iii-f i?2+-R3) (3) 

and one gets the democratic mass matrix. 

In order to change the democratic structure, we introduce now two independent Higgs (^3 family) triplets Xi and 
Yi. one transforming (in the same way and) together with the left-handed and the other with the right-handed fields. 
Under SU{2)l x U{1)y they are singlets. One can form three independent A3 invariant combinations: 



1 



Zi = ai bi + a-i &2 + 03 
Z2 = fli 63 + 02 h\ + as 62 
■Z'a = fli 62 + 02 &3 + 03 &i 



(4) 



where the (a^, hi) either stand for the independent A3 partners [Li, Xi) or for the 1^). The next to lowest dimension 
(and non-renormahzable) mass terms, are, e.g., combinations hke {L\X\ + L1X1 + (-R1I2 + ^2^15 + ^3^1)- 

An extra Zi symmetry is needed to avoid the combinations LXi^R or L(f)YR. Please notice also that the exact 
democratic structure appearing in the Lagrangean, as a result of the combination in Eq. is in fact invariant 
under A^l x ^3mr x ^3^^, because it is possible to transform the right-handed up quark fields independently from 
the right-handed down quark fields. However, with the introduction of the new singlets fields Xi and Yi, this larger 
symmetry is no longer valid as the Yi fields require that the URi and d^. transform simultaneously. Thus, here, we 
have an exact A^^ x A^n family symmetry. 

The whole mass term in the Lagrangean, including the lowest and the relevant next to lowest order dimension mass 
operator, will be 



A (Li +L2+ L3) (i?i +R2+ R3) + A, 



M 



'± 

M 



(5) 



where the Zk were defined in Eq.(^, e.g., Zj^'^' = (L1X3 -I- L2X1 -\- L3X2), and where M is the heavy mass where 
the large scale structure of the unified theory becomes apparent. The A3 symmetry of the singlet fields is broken 
when they acquire the following v.e.v.'s 



(< >, <X2>,< X3 >) = (0, 0, Vx) 
(< Fi >, <Y2>,< Y3 >) = (0, 0, Vy) 
The quark mass matrix, thus obtained, for each sector, will then be of the form: 



(6) 
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1 " 




an 


ai2 


ai3 


M° ^Xv ^ 


1 


1 
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021 


022 


023 
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1 


1 




_ asi 


032 


033 



(7) 



where = (Ay/A) {VxVy / M^) and which is, as one can clearly see, not democratic any more. In fact, all family 
symmetries have been broken. The heavy singlets get their v.e.v.'s at a scale which, at least, should be smaller than 
the mass scale M . Thus the are smaller than 1. Because of the large scale M, the other dimension 6 operators 
involving only quark field combinations should be even (much) smaller, as the v.e.v's from the heavy singlets do not 
contribute to these terms. 
The ansatz 

Within this type of democracy breaking context, we shall consider the specific case where, compared to the three 
parameters (013,031,032)) all other are small. This is a natural limit, in the sense that we are not demanding 
any special relations between the like, e.g., in the ansatz of Fritzsch j|] or the cases classified by Ramond Roberts 
and Ross H where Mfj = M!^-^ and M2°3 = M3°2. 
(dimensionless) asymmetric mass matrix. 



Taking the limit where the small a.y — > we obtain the following 



M 



Parametrizing 031, 032 and 013 as follows. 



1 1 1 + 013 

1 1 1 

1 + 031 1 + 032 1 



(8) 



031 
032 

Ol3 



r {l + e 







(9) 



does not add anything to our ansatz, as 031, 032 and 013 remain independent. However, it is very useful to study the 
phenomenological implications of Eq. (||). To do this, we shall first concentrate on a simplification of Eq. (||). As an 
example, we take the case where e = and a, /? = 7r/2. One gets, 



2 



M\ 



£ = 0, 

a, (3^ tt/2 



1 1 e' 

1 1 1 

gj (q+r) gi q I 



ai (q+r) 



(q+r) 



Kr 



(10) 



where we have used the approximation I + i x ^ e'^. The unitary matrix Kr — diag (1, 1, ^) is non-relevant and 
can be absorbed in a transformation of the right-handed quark fields. The mass matrix on the right-hand side of Eq. 
( |lO| ) is exactly one of the familiar symmetric cases described in the USY hypothesis of Ref. Q with two dimensionless 
parameters. Obviously, the diagonalization matrix elements, such as U12 and U23, depend on these. In a first order 
approximation, it was found that U12 — (•\/3/2) (r/q) and U23 = (2-^2/9) q. Since q and r depend on the mass ratios 
through the (approximate) relations, q = {9/ 2) {1712/1713) and r = 3{3mim2Y^'^ /ms, the phenomenological formulas 
U12 = {717,1/1712)'^^'^ 'And U23 — V2{m2/7n3) are obtained Notice the precise (and peculiar) cancellation of the 

numerical factors. 

Let us now present an analysis of the general mass matrix in Eq. (|^). We shall assume that e — 0(7712/711.3) <C 1. 
This is rather a special choice in parameter space, i.e., it is not natural (in the sense explained above), because in 
that case 031 — 032 ~ 013 ; it is a choice motivated by predictability. We shall not go into the details of solving the 
characteristic equations, which involve the mass ratios of the quarks of the physical relevant square mass matrix; that 
was done in Ref. Q. Defining H ~ M M^t, where t ~ tr{H) is such that tr{H) = 1, one obtains eigenvalues that 
respect exact, Ai + A2 + A3 = 1, and approximate relations: 



Ai 



A, 



A3 



1 



(11) 



From the characteristic equations one finds, in first order, approximate values for q = (9/2)(m2/m3) and r — 
3(3mim2)^/^/TO3. Then, using an iteration method starting with these initial approximate values, one finds ex- 
pressions for q and r as series in mass ratios. 



3V3mim2 

"13 



_ 9 rn2_ 
y 2 ma 



1 - 



(^)cos(a)-i£COs(7) 

P) + - 



(12) 



cos(a 

3mo ^ 



The phases a , P and the e are free parameters; they are not determined by the mass ratios. We shall come to this 
later. 

After introducing these relations into the square mass matrix H, one computes the eigenvectors, also as a series in 
the mass ratios. The diagonalization matrix U is calculated in the heavy weak basis. In this weak basis all matrix 
elements of are small except H33, and only the relevant contributions of and Hd to Vckm are present. Thus the 
irrelevant parts, which cancel out in the Cabibbo-Kobayashi-Maskawa matrix (product), 



Vckm ^Ul-Ud 



(13) 



are absent. In this way, both Uu and Ud are both near 1. The heavy weak basis is defined in the following way. 



Hu 
Hd 



ijHcavy = p'i . ■ F 



H 



Heavy 



F 



111 

V2 Vs 
-1 1 1 

V2 Ve V3 
^ J- 



(14) 



One finds for the diagonalization matrix elements U12 and U- 



13, 



JUL. + 122 cos a -f f COS 7 

2m2 ms 2 ' 



(15) 



ic/. 



131 



1 ywumg 
^2 ms 



1 



5^ COS a -I- I COS 7 + 



where the next to leading order terms are of small influence. For the elements U23 and U31 one obtains next to leading 
order terms which are somewhat larger, 



\U23\ 
\U3l\ 



V2'^ 

ma 



1 



3m 
4m2 



- cos(a — (3) + . 



3 v'mim2 
V2 "I3 



y^cos(a -/?) + ., 



(16) 
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Approximate relations hold 



\U- 



131 



U23 Ui 



IC/31I =3 |C/: 



131 



(17) 



CP violation and a numerical example 

In this section we describe the CP violation and the masses and mixings of a numerical example of the ansatz in 
Eq. (^) . We find that CP violation is mainly restricted by the range which, within our framework, is possible to have 
for the up quark mass m„. 

It is clear that, on the one hand, for general mass matrices Mu,d of type Eq. (||), the CP violation depends, crucially, 
on the complex phases au^d and (3u.d, which are free parameters, independent of the mass ratios, and which for a 
specific numerical (ansatz) example still have to be fixed. Obviously, for a, P = /ctt, there is no CP violation. On the 
other hand, if Af„ and Md are real, we find for the Vckm matrix element 



IK, 



(18) 



where the ± sign depends on the relative signs of r and q (i.e., if a, /3 = kn) for the up and down sector. Combining the 
experimental limits on nid/ms, ms and mc, one can only accommodate the experimental value of \Vus\ — 0.2196(23) 
|10| in Eq. (18) if one takes a very small value for rn„ < 1 MeV or even ruu = 0. However, when a,P kn, the ± 
sign in Eq. (18) is replaced by a complex phase factor such that 



IK, I = 



(19) 



and it is possible to accommodate a larger value for rriu [0. Clearly for our ansatz, CP violation is closely related to 
this problem, i.e., it depends also on the a's and /3's and subsequently on 6 which is a function of these. Numerically, 
we have found that CP violation, given by | Jcp| = l^"i(KsK6KsK!6)l' large when also S mod n is large. Thus, a 
larger value for rriu can only be accommodated if one takes values for a, /3 ^ mod tt such that S mod tt is large and 
this results in a large value for the CP violation parameter (and vice versa). In order to find (ansatz) examples with 
sufficient large CP violation, it is useful to have an expression for S. 

Let us compute S in a first order approximation. Writing the eigenvalue equation of each quark sector as H = 
U ■ D ■ W , where H is given in the heavy basis of Eq. ( p^ and D = diag(Ai, A2, A3) contains the eigenvalues of H, 
one obtains (using the unitarity of U) , the exact relations 



(A2 - Ai) Ui2U^2 + (A3 - Ai) [/i3f/3*3 = Hi3 
(A2 — Ai) U22U^2 + (A3 — Ai) C/23C/33 = -^23 
(A2 - Ai) Ui2U*2 + (A3 - Ai) C/i3C/2*3 - H12 



(20) 



Using Eqs. (|ll|, ^ and choosing real (this is always possible), we find from the first two equations that the 
complex phases of C/13 and U23 are approximately equal to those of -ffi3 respectively H23 ■ Computing H in the heavy 
basis with the parametrization of Eq. (0) , one finds (for a and (3 not too close to kir) in a first order approximation 



Ui3 = I C/13 1 e'^ 



TT 2v2 ^ „2 

"23 — -s- q e 



(21) 



C/23 = IC/23I e^" 

In addition, from Eqs. (|ll|, |l|, |l|) one obtains A2/A3 = |C/i3C/2*3l/|?/i2C/2*2l- Thus 



|A2C/l2(72*2l = IA3C/13C/2* 



231 



mim2 



rrio 



(22) 



holds and because H12 — —r'^/lSVS = — V3mim2/2m| is smaller than this (in absolute value), we may conclude 
from the third relation in Eq. ( po|) that, aside from a factor tt 

arg([/i2t/2*2) = arg(C/i3C/2^3) (23) 

Unitarity also tells us that, in this approximation, arg([/ii[/|]^) = arg([/i2C/22). Finally, putting together all these 
phase relations for the up and down sector, we get (aside from any factors tt) 
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S = {ad- f3d) - {an - (3u) 



(24) 



With this expression, we can now choose suitable combinations for Uu.d and (3u.d to have a large S (mod vr) in order 
to account for suitable large values for CP and m„. 

Next we give a numerical example, where we take eu,d — and the simplest combinations for a„^d and (3u,d to obtain 
a large 6. The mass matrices of both sectors are (as explained) of type 



M = c 



1 1 
1 1 

1 + q eJ°' +r e'l^ l + q e 



1 + r e'f^ 
1 



(25) 



Example with S = — 7r/3, where ad 
and r's) and 



f3u ~ and only (3d ~ tt/S (extra tt factors are put in as signs in the q's 



which at 1 GeV correspond to, 



rd = -3.259 X lO^^ r„ = 9.368 x IQ-^ 
Qd = 0.1254 Qu ^ 1.463 X 10"^ 

Cd = 2 GeV c„ = 133 GeV 



rnd = 7.39 MeV to„ = 3.73 MeV 
rris = 186 MeV rUc = 1.38 GeV 
mb = 6.2 GeV nit = 400 GeV 



(26) 



give 



IV? 



CKAf I 



0.9748 0.2229 0.0037 
0.2225 0.9740 0.0414 
0.0124 0.0397 0.9991 



\Vub 



= 0.0896 



(27) 



and \ Jcp\ = 1-8 x 10~^. To obtain a large value for \ Jcp\ one would expect that a value for 5 — ±7r/2 would be more 
suitable. However, Jcp depends also on other order contributions which are of significant importance. Numerically, 
we have found that 5 = ±7r/3 gives the largest values for jJcpl- 
Concluding remarks 

We have shown that the exact democratic structure for the quark mass matrices, resulting from the action of the 
family symmetry group A^^l x A^h, can be totally broken by the effects of non renormalizable dimension 6 operators 
adding a small perturbation to this structure. Within this context, we formulate a unique ansatz: one of the simplest 
deviations from democracy, requiring a minimum of parameters, and which predicts the well known phenomenological 
mixings in terms of quark mass ratios. We have also shown that CP violation is determined by a simple combination 
of complex phases of these parameters. A numerical ansatz-example is given in good agreement with experiment. 
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